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Abstract. In the present study, we have given a corrigendum to our paper on the approximation properties
of bivariate (p, q)−Bernstein operators. Recently, we [2] have defined the bivariate (p, q)−Bernstein operators.
Later, we have aware of Acar et. al [1] already have given some moments. In this case, we have revised [2,
Lemma 2.3].
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1. Introduction
Approximation theory has been used in the theory of approximation of continuous functions by means of
sequences of positive linear operators and still remains as a very active area of research. Since Korovkins famous
theorem in 1950, the study of the linear methods of approximation given by sequences of positive and linear
operators has became a firmly entrenched part of approximation theory.
During the last two decades, the applications of q−calculus have emerged as a new area in the field of
approximation theory. The first q−analogue of the well-known Bernstein polynomials was introduced by Lupas¸
[12] by applying the idea of q−integers. Since approximation studied by q−Bernstein polynomials is better than
classical one under convenient choice of q, many authors introduced q-generalization of various operators and
investigated several approximation properties we refer the readers to [3–5].
Recently, Mursaleen et al. used (p, q)-calculus in approximation theory and defined (p, q)−analogue of
Bernstein operators [13]. They estimated uniform convergence of the operators and rate of convergence, obtained
Voronovskaya theorem as well. Also, (p, q)−analogue of Bernstein-Stancu operators and Bleimann-Butzer-Hahn
operators were introduced in [14] and [15], respectively. For some recent works devoted to (p, q)-operators, we
can refer the readers to [6–10].
In the present study, we define the bivariate Bernstein operators based on (p, q)−integer. We examine
approximation properties of our new operator by the help of Korovkin-type theorem . Further, we present the
local approximation properties and establish the rates of convergence by means of the modulus of continuity
and the Lipschitz type maximal function. Also, we present a Voronovskaja type asymptotic formula for this
operators.
Let us recall some definitions and notations regarding the concept of (p, q)−calculus.
The (p, q)−integer of the number n is defined by
[n]p,q :=
pn − qn
p− q
, n = 1, 2, 3 . . . , 0 < q < p 6 1.
The (p, q)−factorial [n]p,q! and the (p, q)−binomial coefficients are defined as :
[n]p,q! :=
{
[n]p,q [n− 1]p,q · · · [1]p,q , n ∈ N
1, n = 0
.
and [
n
k
]
p,q
=
[n]p,q!
[k]p,q! [n− k]p,q!
, 0 6 k 6 n.
Further, the (p, q)−binomial expansions are given as
(ax+ by)np,q =
n∑
k=0
p(
n−k
2 )q(
k
2)an−kbkxn−kyk.
and
(x − y)np,q = (x− y)(px− qy)(p
2x− q2y) · · · (pn−1x− qn−1y).
Further information related to (p, q)−calculus can be found in [16, 17].
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2. Construction of the operators
Recently, Mursaleen et al applied (p, q)−calculus in approximation theory and introduced revised (p, q)−analogue
of Bernstein operators as follows;
(2.1) Bn,p,q (f ;x) =
1
pn(n−1)/2
n∑
k=0
[
n
k
]
p,q
pk(k−1)/2xk
n−k−1∏
s=0
(
ps − qs
x
bn
)
f
(
[k]p,q
[n]p,q p
k−n
)
,
On the other hand, another active research area in approximation theory is to approximate the bivariate func-
tions. For example, Barbosu, [19] defined and studied bivariate Bernstein operator. Bu¨yu¨kyazıcı[20] introduced
q−Bernstein Chlodowsky operator.
Now, we define bivariate Bernstein operator based on (p, q)−integers. Let I = [0, 1] × [0, 1], f : I −→ R
and 0 < q1, q2 < p1, p2 6 1. We define the bivariate extension of the (p, q)−Bernstein operator operators as
follows:
(2.2) B(p1,q1),(p1,q1)n,m (f ;x, y) =
n∑
k=0
m∑
j=0
Rn,k(p1, q1;x)Rm,j(p2, q2; y)f
(
[k]p1,q1
[n]p1,q1 p
k−n
1
,
[j]p2,q2
[m]p2,q2 p
j−m
2
)
,
where
Rn,k(p1, q1;x) = p
k(k−1)−n(n−1)
2
1
[
n
k
]
p1,q1
xk
n−k−1∏
s=0
(ps1 − q
s
1x)
Lemma 2.1. [11, Lemma 1]
Bn,p,q
(
e0;x
)
= 1,
Bn,p,q (e1;x) = x,
Bn,p,q (e2;x) =
pn−1
[n]p,q
x+
q[n− 1]p,q
[n]p,q
x2.
Also, (p, q)−Bernstein operator satisfy following equations:
Lemma 2.2.
Bn,p,q (e3;x) =
p2n−2
[n]2p,q
x+
pn−1(2p+ q)q[n− 1]p,q
[n]2p,q
x2 +
q3[n− 1]p,q[n− 2]p,q
[n]2p,q
x3,
Bn,p,q (e4;x) =
p3n−3
[n]3p,q
+
q(3p2 + 3qp+ q3)[n− 1]p,qp
2n−4
[n]3p,q
x2
+
q3(3p2 + 2pq + q2)[n− 1]p,q[n− 2]p,qp
n−3
[n]3p,q
x3 +
q6[n− 1]p,q[n− 2]p,q[n− 3]p,qx
4
[n]3p,q
,
where ei(x) = x
i, i = 0, 1, 2, 3, 4.
Proof. Let us we compute e3
Bn,p,q (e3;x) =
1
pn(n−7)/2
n∑
k=0
[
n
k
]
p,q
pk(k−7)/2xk
n−k−1∏
s=0
(ps − qsx)
[k]3p,q
[n]
3
p,q
=
1
pn(n−7)/2 [n]
2
p,q
n−1∑
k=0
[
n− 1
k
]
p,q
p(k+1)(k−6)/2[k + 1]2p,qx
k+1
n−k−2∏
s=0
(ps − qsx) .
2
By [k + 1]2p,q = p
2k + 2qpk[k]p,q + q
2[k]2p,q, we have
=
1
pn(n−7)/2[n]2p,q
n−1∑
k=0
[
n− 1
k
]
p,q
p(k
2
−k−6)/2xk+1
n−k−2∏
s=0
(ps − qsx)
+2q
1
pn(n−7)/2[n]2p,q
n−1∑
k=0
[
n− 1
k
]
p,q
[k]p,qp
(k2−3k−6)/2xk+1
n−k−2∏
s=0
(ps − qsx)
+
q2
pn(n−7)/2[n]2p,q
n−1∑
k=0
[
n− 1
k
]
p,q
[k]2p,qp
(k+1)(k−6)/2xk+1
n−k−2∏
s=0
(ps − qsx)
=
x
[n]2p,q
p2n−2 +
2q[n− 1]p,qx
2
[n]2p,q
pn−1 +
pn−2q2[n− 1]p,qx
2
[n]2p,q
+
q3[n− 1]p,q[n− 2]p,qx
3
[n]2p,q
=
x
[n]2p,q
p2n−2 +
(2p+ q)q[n− 1]p,qx
2
[n]2p,q
pn−2 +
q3[n− 1]p,q[n− 2]p,qx
3
[n]2p,q
.
Finally,
Bn,p,q (e4;x) =
1
pn(n−9)/2
n∑
k=0
[
n
k
]
p,q
xk
n−k−1∏
s=0
(ps − qsx) pk(k−1)/2p−4k
[k]4p,q
[n]
4
p,q
=
b4n
pn(n−9)/2[n]3p,q
n−1∑
k=0
[
n− 1
k
]
p,q
p(k+1)(k−8)/2[k + 1]3p,qx
k+1
n−k−2∏
s=0
(ps − qsx) .
Using the fact [k + 1]3p,q = p
3k + 3p2kq[k]p,q + 3p
kq2[k]2p,q + q
3[k]3p,q, we obtain
Bn,p,q (e4;x) =
p3n−3
p(n−1)(n−2)/2[n]3p,q
n−1∑
k=0
[
n− 1
k
]
p,q
pk(k−1)/2xk+1
n−k−2∏
s=0
(ps − qsx)
+
3qb4n
pn(n−9)/2[n]3p,q
n−1∑
k=0
[
n− 1
k
]
p,q
[k]p,qp
(k2−3k−8)/2xk+1
n−k−2∏
s=0
(ps − qsx)
+
3q2
pn(n−9)/2[n]3p,q
n−1∑
k=0
[
n− 1
k
]
p,q
[k]2p,qp
(k2−5k−8)/2xk+1
n−k−2∏
s=0
(ps − qsx)
+
q3
pn(n−9)/2[n]3p,q
n−1∑
k=0
[
n− 1
k
]
p,q
[k]3p,qp
(k+1)(k−8)/2xk+1
n−k−2∏
s=0
(ps − qsx)
=
x
[n]3p,q
p3n−3 +
q(3p2 + 3qp+ q2)[n− 1]p,qx
2
[n]3p,q
p2n−4
+
q3(3p2 + 2pq + q2)[n− 1]p,q[n− 2]p,qx
3
[n]3p,q
pn−3 +
q6[n− 1]p,q[n− 2]p,q[n− 3]p,qx
4
[n]3p,q
.
Acar et. al [1] introduced Kantotovich modifications of (p, q)−Bernstein operators for bivariate functions
using a new (p, q)−integral and given following moments for bivariate (p, q)−Bernstein operators.
Lemma 2.3. [1, Lemma 1]
B(p1,q1),(p2,q2)n,m (1;x, y) = 1,
B(p1,q1),(p2,q2)n,m (s;x, y) = x,
B(p1,q1),(p2,q2)n,m (t;x, y) = y,
B(p1,q1),(p2,q2)n,m (st;x, y) = xy,
B(p1,q1),(p2,q2)n,m
(
s2;x, y
)
=
pn−11
[n]p1,q1
x+
q1[n− 1]p1,q1
[n]p1,q1
x2,
B(p1,q1),(p2,q2)n,m
(
t2;x, y
)
=
pm−12
[m]p2,q2
y +
q2[m− 1]p2,q2
[n]p2,q2
y2.
Using Lemma 2.3 and by linearity of B
(p1,q1),(p2,q2)
n,m , we have
3
Remark 2.4.
B(p1,q1),(p2,q2)n,m
(
(t− x)2;x, y
)
=
pn−11
[n]p1,q1
(x − x2),(2.3)
B(p1,q1),(p2,q2)n,m
(
(s− y)2;x, y
)
=
pm−12
[m]p2,q2
(y − y2).(2.4)
The Korovkin-type theorem for functions of two variables was proved by Volkov [18].
Theorem 2.5. Let q1 := (q1,n), p1 := (p1,n), q2 := (qm,2), p2 := (pm,2) such that 0 < q1,n, q2,m < pn,1, pm,2 6 1.
If
lim
n
pn,1 = 1, lim
n
qn,1 = 1, lim
m
pm,2 = 1, lim
m
qm,2 = 1, lim
n
pnn,1 = a1 and limm
pmm,1 = a2,(2.5)
the sequence B
(p1,q1),(p2,q2)
n,m (f ;x, y) convergence uniformly to f(x, y), on [0, 1] × [0, 1] = [0, 1]2 for each f ∈
C
(
[0, 1]2
)
, where a1, a2 be reel numbers and C([0, 1]
2) be the space of all real valued continuous function on
[0, 1]2 with the norm
‖ f ‖C([0,1]2)= sup
(x,y)∈[0,1]2
|f(x, y)| .
Proof. Assume that the equities (2.5) are holds. Then, we have
pn−11,n
[n]p1,n,q1,n
→ 0,
pm−12
[m]p2,m,q2,m
→ 0,
q1,n [n]p1,n,q1,n
[n]p1,n,q1,n
→ 1 and
q2,m [m− 1]p2,m,q2,m
[m]p2,m,q2,m
→ 1.
From Lemma 2.3, we obtain limn,m→∞B
(p1,q1),(p2,q2)
n,m (eij ;x, y) = eij(x, y) uniformly on [0, 1]
2, where
eij(x, y) = xiyj , 0 6 i+ j 6 2 are the test functions. By using Korovkin theorem for functions of two variables
was presented by Volkov [18], it follows that limn,m→∞B
(p1,q1),(p2,q2)
n,m (f ;x, y) = f(x, y), uniformly on [0, 1]2, for
each f ∈ C([0, 1]2). 
3. Rate of Convergence
In this section, we compute the rates of convergence of operators B
(p1,q1),(p2,q2)
n,m to f(x, y) by means of
the modulus of continuity. Proceeding further, we provide a summary of the notations and definitions of the
modulus of continuity and the Peetres K−functional for bivariate real valued functions.
For f ∈ C([0, 1]2), the complete modulus of continuity for a bivariate case is defined as follows:
ω(f, δ) = sup
{
|f(t, s)− f(x, y)| :
√
(t− x)2 + (s− y)2 6 δ
}
.
for every (t, s), (x, y) ∈ [0, 1]2. Further, partial moduli of continuity with respect to x and y are defined as
ω1(f, δ) = sup {|f(x1, y)− f(x2, y)| : y ∈ [0, 1] and |x1 − x2| 6 δ}
ω2(f, δ) = sup {|f(x, y1)− f(x, y2)| : x ∈ [0, 1] and |y1 − y2| 6 δ} ,
It is obvious that they satisfy the properties of the usual modulus of continuity [21].
For δ > 0, the Peetre-K functional [22] is given by
K(f, δ) = inf
g∈C2[0,1]2
{
‖f − g‖C[0,1]2 + δ‖g‖C2[0,1]2
}
,
where C2[0, 1]2 is the space of functions of f such that f , ∂
jf
∂xj and
∂jf
∂yj (j = 1, 2) in C[0, 1]
2. The norm ‖.‖ on
the space C2[0, 1]2 is defined by
‖f‖C2[0,1]2 = ‖f‖C[0,1]2 +
2∑
j=1
(∥∥∥∥∂jf∂yj
∥∥∥∥
C[0,1]2
+
∥∥∥∥∂jf∂yj
∥∥∥∥
C[0,1]2
)
.
Now, we give an estimate of the rate of convergence of operators B
(p1,q1),(p2,q2)
n,m .
Theorem 3.1. Let f ∈ C
(
[0, 1]2
)
. For all x ∈ [0, 1]2, we have∣∣∣B(p1,q1),(p2,q2)n,m − f (x, y)∣∣∣ 6 2ω (f ; δn,m) ,
where
δ2n,m =
pn−11
[n]p1,q1
(x − x2) +
pm−12
[m]p2,q2
(y − y2).
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Proof. By definition the complete modulus of continuity of f(x, y) and linearity and positivity our operator, we
can write
|B(p1,q1),(p2,q2)n,m (f ;x, y)− f(x, y)| 6 B
(p1,q1),(p2,q2)
n,m (|f(t, s)− f(x, y)|;x, y)
6 B(p1,q1),(p2,q2)n,m
(
ω
(
f ;
√
(t− x)2 + (s− y)2
)
;x, y
)
6 ω(f, δn,m)
[
1
δn,m
B(p1,q1),(p2,q2)n,m
(√
(t− x)2 + (s− y)2;x, y
)]
.
Using Cauchy-Scwartz inequality, from (2.3) and (2.4), one can write following
|B(p1,q1),(p2,q2)n,m (f ;x, y)− f(x, y)|
6 ω(f, δn,m)
[
1 +
1
δn,m
{
B(p1,q1),(p2,q2)n,m
(
(t− x)2 + (s− y)2;x, y
)}1/2]
= ω(f, δn,m)
[
1 +
1
δn,m
{
B(p1,q1),(p2,q2)n,m
(
(t− x)2;x, y
)
+B(p1,q1),(p2,q2)n,m
(
(s− y)2;x, y
)}1/2]
= ω(f, δn,m)
[
1 +
1
δn,m
(
pn−11
[n]p1,q1
(x− x2) +
pm−12
[m]p2,q2
(y − y2)
)1/2]
.
Choosing δn,m =
(
pn−11
[n]p1,q1
(x− x2) +
pm−12
[m]p2,q2
(y − y2)
)1/2
, for all (x, y) ∈ [0, 1]2, we get desired the result.

Theorem 3.2. Let f ∈ C
(
[0, 1]2
)
, then the following inequalities satisfy∣∣∣B(p1,q1),(p2,q2)n,m − f (x, y)∣∣∣ 6 ω1 (f ; δn) + ω2 (f ; δm) ,
where
δ2n =
pn−11
[n]p1,q1
(x− x2),(3.1)
δ2m =
pm−12
[m]p2,q2
(y − y2)..(3.2)
Proof. By definition partial moduli of continuity of f(x, y) and appliying Cauchy-Scwartz inequality, we have
|B(p1,q1),(p2,q2)n,m (f ;x, y)− f(x, y)| 6 B
(p1,q1),(p2,q2)
n,m (|f(t, s)− f(x, y)|;x, y)
6 B(p1,q1),(p2,q2)n,m (|f(t, s)− f(x, s)|;x, y) +B
(p1,q1),(p2,q2)
n,m (|f(x, s)− f(x, y)|;x, y)
6 B(p1,q1),(p2,q2)n,m
(
|ω1(f ; |t− x|)|;x, y
)
+B(p1,q1),(p2,q2)n,m
(
|ω2(f ; |s− y|)|;x, y
)
6 ω1(f, δn)
[
1 +
1
δn
B(p1,q1),(p2,q2)n,m (|t− x|;x, y)
]
+ω2(f, δm)
[
1 +
1
δm
B(p1,q1),(p2,q2)n,m (|s− y|;x, y)
]
6 ω1(f, δn)
[
1 +
1
δn
(
B(p1,q1),(p2,q2)n,m
(
(t− x)2;x, y
))1/2]
+ω2(f, δm)
[
1 +
1
δm
(
B(p1,q1),(p2,q2)n,m
(
(s− y)2;x, y
))1/2]
.
Consider (2.3), (2.4) and choosing
δ2n =
pn−11
[n]p1,q1
(x − x2),
δ2m =
pm−12
[m]p2,q2
(y − y2).
we reach the result. 
For α1, α1 ∈ (0, 1] and (s, t), (x, y) ∈ [0, 1]
2, we define the Lipschitz class LipM(α1, α1) for the bivariate
case as follows:
|f(s, t)− f(x, y)| 6M |s− x|
α1 |t− y|
α2 .
5
Theorem 3.3. Let f ∈ LipM(α1, α2). Then, for all (x, y) ∈ [0, 1]
2, we have
|B(p1,q1),(p2,q2)n,m (f ;x, y)− f(x, y)| 6Mδ
α1/2
n δ
α2/2
m ,
where δn and δm defined in (3.1) and (3.2), respectively.
Proof. As f ∈ LipM(α1, α2), it follows
|B(p1,q1),(p2,q2)n,m (f ;x, y)− f(x, y)| 6 B
(p1,q1),(p2,q2)
n,m (|f(t, s)− f(x, y)|, qn;x, y)
6 MB(p1,q1),(p2,q2)n,m (|t− x|
α1 |s− y|α2 ;x, y)
= MB(p1,q1),(p2,q2)n,m (|t− x|
α1 |;x)B(p1,q1),(p2,q2)n,m (|s− y|
α2 ; y).
For p̂ = 1α1 , q̂ =
α1
2−α1
and p̂ = 1α2 , q̂ =
α2
2−α2
applying the Ho¨lder’s inequality, we get
|B(p1,q1),(p2,q2)n,m (f ;x, y)− f(x, y)| 6 M{B
(p1,q1),(p2,q2)
n,m (|t− x|
2;x)}α1/2{B(p1,q1),(p2,q2)n,m (1;x)}
α1/2
×{B(p1,q1),(p2,q2)n,m (|s− y|
2; y)}α12/2{B(p1,q1),(p2,q2)n,m (1; y)}
α2/2
= Mδα1/2n δ
α2/2
m .
Hence, we get desired the result. 
Theorem 3.4. Let f ∈ C1([0, 1]2) and 0 < q1,n, q2,m < pn,1, pm,2 6 1. Then, we have
|B(p1,q1),(p2,q2)n,m (f ;x, y)− f(x, y)| 6 ‖ f
′
x ‖C([0,1]2) δn+ ‖ f
′
y ‖C([0,1]2) δm.
Proof. For (t, s) ∈ [0, 1]2, we obtain
f(t)− f(s) =
∫ t
x
f
′
u(u, s)du+
∫ s
y
f
′
v(x, v)du
Applying the our operator on both sides above equation, we deduce
|B(p1,q1),(p2,q2)n,m (f ;x, y)− f(x, y)| 6 B
(p1,q1),(p2,q2)
n,m
(∣∣∣∣∫ t
x
f
′
u(u, s)du
∣∣∣∣ ;x, y)
+B(p1,q1),(p2,q2)n,m
(∣∣∣∣∫ s
y
f
′
v(x, v)du
∣∣∣∣ ;x, y) .
As ∣∣∣∣∫ t
x
f
′
u(u, s)du
∣∣∣∣ 6‖ f ′x ‖C([0,1]2) |t− x| and ∣∣∣∣∫ s
y
f
′
v(x, v)du
∣∣∣∣ 6 f ′y ‖C([0,1]2) |s− y|,
we have
|B(p1,q1),(p2,q2)n,m (f ;x, y)− f(x, y)| 6 f
′
x ‖C([0,1]2) B
(p1,q1),(p2,q2)
n,m (|t− x|;x, y)
+f
′
y ‖C([0,1]2) B
(p1,q1),(p2,q2)
n,m (|s− y|;x, y) .
Using the Cauchy-Schwarz inequality, we can write following
|B(p1,q1),(p2,q2)n,m (f ;x, y)− f(x, y)| 6 ‖ f
′
x ‖C([0,1]2) {B
(p1,q1),(p2,q2)
n,m
(
(t− x)2;x, y
)
}1/2{B(p1,q1),(p2,q2)n,m (1;x, y)}
1/2
+ ‖ f
′
y ‖C([0,1]2) {B
(p1,q1),(p2,q2)
n,m
(
(s− y)2;x, y
)
}1/2{B(p1,q1),(p2,q2)n,m (1;x, y)}
1/2.
Form (2.3) and (2.4), we get desired the result. 
Theorem 3.5. Let f ∈ C
(
[0, 1]2
)
, then we have∥∥∥B(p1,q1),(p2,q2)n,m (f ;x, y)− f(x, y)∥∥∥
C([0,1]2)
6 2M (f ; δn,m(x, y)/2) ,
where
δn,m(x, y) =
1
2
max
(
pn−11 (x− x
2)
[n]p1,q1
,
pm−12 (y − y
2
[m]p2,q2
)
.
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Proof. Let g ∈ C2([0, 1]2). By the Taylor’s formula, we get
g(s1, s2)− g(x, y) = g(s1, y)− g(x, y) + g(s1, s2)− g(s1, y)
=
∂g(x, y)
∂x
(s1 − x) +
∫ s1
x
(s1 − u)
∂2g(u, y)
∂u2
du
+
∂g(x, y)
∂x
(s2 − y) +
∫ s2
y
(s2 − v)
∂2g(x, v)
∂v2
dv
=
∂g(x, y)
∂x
(s1 − x) +
∫ s1−x
0
(s1 − x− u)
∂2g(u, y)
∂u2
du
+
∂g(x, y)
∂x
(s2 − y) +
∫ s2−y
0
(s2 − y − v)
∂2g(x, v)
∂v2
dv
Applying B
(p1,q1),(p2,q2)
n,m to the both sides of the above equation, we obtain∣∣∣B(p1,q1),(p2,q2)n,m (g;x, y)− g(x, y)∣∣∣ 6 ∣∣∣∣∂g(x, y)∂x
∣∣∣∣ ∣∣∣B(p1,q1),(p2,q2)n,m ((s1 − x);x, y)∣∣∣
+
∣∣∣∣B(p1,q1),(p2,q2)n,m (∫ s1−x
0
(s1 − x− u)
∂2g(u, y)
∂u2
du;x, y
)∣∣∣∣
+
∣∣∣∣∂g(x, y)∂y
∣∣∣∣ ∣∣∣B(p1,q1),(p2,q2)n,m ((s2 − y);x, y)∣∣∣
+
∣∣∣∣B(p1,q1),(p2,q2)n,m (∫ s2−y
0
(s2 − y − v)
∂2g(v, x)
∂v2
dv;x, y
)∣∣∣∣
As B
(p1,q1),(p2,q2)
n,m ((s1 − x);x, y) = 0 and B
(p1,q1),(p2,q2)
n,m ((s2 − y);x, y) = 0, one can write following∥∥∥B(p1,q1),(p2,q2)n,m (f ;x, y)− f(x, y)∥∥∥
C([0,1]2)
6
1
2
∥∥∥∥∂g(x, y)∂x
∥∥∥∥
C([0,1]2)
∣∣∣B(p1,q1),(p2,q2)n,m ((s1 − x)2;x, y)∣∣∣
+
1
2
∥∥∥∥∂g(x, y)∂y
∥∥∥∥
C([0,1]2)
∣∣∣B(p1,q1),(p2,q2)n,m ((s2 − y)2;x, y)∣∣∣ .
By (2.3), (2.4), we deduce,
∥∥∥B(p1,q1),(p2,q2)n,m (f ;x, y)− f(x, y)∥∥∥
C([0,1]2)
6
1
2
max
(
pn−11 (x− x
2)
[n]p1,q1
,
pm−12 (y − y
2
[m]p2,q2
)
×
[∥∥∥∥∂g(x, y)∂x
∥∥∥∥
C([0,1]2)
+
∥∥∥∥∂g(x, y)∂x
∥∥∥∥
C([0,1]2)
]
6 ‖ g ‖C([0,1]2) δn,m.(3.3)
By the linearity B
(p1,q1),(p2,q2)
n,m , we obtain∥∥∥B(p1,q1),(p2,q2)n,m (f ;x, y)− f(x, y)∥∥∥
C([0,1]2)
6
∥∥∥B(p1,q1),(p2,q2)n,m f −B(p1,q1),(p2,q2)n,m g∥∥∥
C([0,1]2)
+
∥∥∥B(p1,q1),(p2,q2)n,m g − g∥∥∥
C([0,1]2)
+ ‖f − g‖C([0,1]2) .(3.4)
By (3.5) and (3.6), one can see that∥∥∥B(p1,q1),(p2,q2)n,m (f ;x, y)− f(x, y)∥∥∥
C([0,1]2)
6 2M (f ; δn,m(x, y)/2) .
This step completes the proof. 
First, we need the auxiliary result contained in the following lemma.
Lemma 3.6. Let 0 < qn < pn 6 1, be sequence such that pn, qn −→ 1 and p
n
n −→ a, q
n
n −→ b as n −→ ∞.
Then, we have the following limits:
(i) limn→∞[n]qnB
(pn,qn)
n ((t− x)2;x) = ax− ax2
(ii) limn→∞[n]
2
qnB
(pn,qn)
n ((t− x)4;x) = 3ax4 − 6ax3 + 3ax2.
Proof. From (2.3), we get
[n]pn,qnB
(pn,qn)
n ((t− x)
2;x) = −pn−1n x
2 + xpn−1n .
7
Let us take the limit of both sides of the above equality as n −→∞, then we have
lim
n→∞
[n]pn,qn
{
B(pn,qn)n ((t− x)
2, x)
}
= lim
n→∞
{
−pn−1n x
2 + xpn−1n
}
= a(x − x2).
(ii) Using Lemma 2.1, Lemma 2.2 and by the linearity of the operators B
(pn,qn)
n (f ;x), we obtain
B(pn,qn)n (t− x)
4;x) = A1,nx
4 +A2,nx
3 +A3,nx
2 +A4,nx
where
A1,n =
pn−3n [n]
2
pn,qn(−p
2
n + 2pnqn − q
2
n) + p
n−5[n]pn,qn(−p
3
n + 3pnq
2
n + q
3
n)− p
3n−6
n (p
2
n + p
3
n + 2pnq
2
n + q
3
n)
[n]3pn,qn
A2,n =
pn−3n [n]
2
pn,qn(p
2
n − 2pnqn + q
2
n)
[n]3pn,qn
+
p2n−5[n]pn,qn(−q
3
n − 4pnq
2
n − 3p
2
nqn + 2p
3
n)− p
3n−6
n (3p
3
n + 3pnq
2
n + 5p
2
nqn + q
3
n)
[n]3pn,qn
A3,n =
p2n−4n [n]pn,qn(−p
2
n + 3pnqn + q
2
n)− p
3n−5
n (3p
2
n + q
2
n + 3pnqn)
[n]3qn
A4,n =
p3n−3
[n]3qn
,
It is clear that
lim
n→∞
[n]2qn{A4,nx} = 0.(3.5)
Taking the limit of both sides of A1,n, we get
lim
n→∞
[n]2qn{A1,n} = limn→∞
{
−pn−3n [n]pn,qn(pn − qn)
2 + pn−5n (−p
3
n + 3pnq
2
n + q
3
n)−
p3n−6n (p
2
n + p
3
n + 2pnq
2
n + q
3
n)
[n]qn
}
= lim
n→∞
{
−pn−3n (p
n
n − q
n
n)(pn − qn) + p
n−5
n (−p
3
n + 3pnq
2
n + q
3
n)−
p3n−6n (p
2
n + p
3
n + 2pnq
2
n + q
3
n)
[n]qn
}
= 3a.(3.6)
Similarly, we can show that;
lim
n→∞
[n]2qn{A2,n} = −6a and limn→∞
[n]2qn{A3,n} = 3a.(3.7)
By combining (3.5)-(3.7), we reach the desired the result. 
Now, we give a Voronovskaja type theorem for B
(pn,qn)
n,n (f ;x, y).
Theorem 3.7. Let f ∈ C2([0, 1]× [0, 1]). Then, we have
lim
n→∞
[n]pn,qnB
(pn,qn)
n,n (f ;x, y)− f(x,y)) =
(ax − ax2)f ′′x2(x, y)
2
+
(ay − ay2)f ′′y2(x, y)
2
.
Proof. Let (x, y) ∈ [0, 1]× [0, 1]. Then, write Taylor’s expansion of f as follows:
f(s, t) = f(x, y) + f ′x(s− x) + f
′
y(t− y)
+
1
2
{
f ′′x (t− x)
2 + 2f ′xy(s− x)(t − y) + f
′′
y (t− y)
2
}
+ ε(s, t)
(
(s− x)2 + (t− y)2
)
(3.8)
where (s, t) ∈ [0, 1]2 and ε(s, t) −→ 0 as (s, t) −→ (x, y).
Applying the operator B
(pn,qn)
n,n (f ; .) on (3.8), we get
B(pn,qn)n,n (f ; s, t)− f(x,y) = f
′
x(x, y)B
(pn,qn)
n,n ((s− x);x, y) + f
′
y(x, y)B
(pn,qn)
n,n ((t− y);x, y)
+
1
2
{
f ′′x2B
(pn,qn)
n,n ((t− x0)
2;x, y) + 2f ′xyB
(pn,qn)
n,n ((s− x)(t− y);x, y)
+f ′′y2B
(pn,qn)
n,n ((t− y)
2;x, y)
}
+B(pn,qn)n,n
(
ε(s, t)
(
(s− x)2 + (t− y)2
)
;x, y
)
.
Let us take the limit of both sides of the above equality as n −→∞, 
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lim
n→∞
[n]pn,qnB
(pn,qn)
n,n (f ; s, t)− f(x, y)) = limn→∞
[n]pn,qn
1
2
{
f ′′x2B
(pn,qn)
n,n ((t− x)
2;x, y)
+2f ′xyB
(pn,qn)
n,n ((s− x)(t− y);x, y) + f
′′
y2B
(pn,qn)
n,n ((t− y)
2;x, y)
}
+ lim
n→∞
[n]pn,qnB
(pn,qn)
n,n
(
ε(s, t)
(
(s− x)2 + (t− y)2
)
;x, y
)
.
For the last term on the right hand side, using Cauchy-Schwartz inequality, we get
B(pn,qn)n,n
(
ε(s, t)
(
(s− x)2 + (t− y)2
)
;x, y
)
6
√
lim
n→∞
B
(pn,qn)
n,n (ε2(s, t);x, y)
×
√
2 lim
n→∞
[n]2pn,qnB
(pn,qn)
n,n (ε(s, t) ((s− x)4 + (t− y)4) ;x, y).
As limn→∞B
(pn,qn)
n,n
(
ε2(s, t);x, y
)
= ε2(x, y) = 0 and using Lemma 3.6(ii)
limn→∞[n]
2
pn,qnB
(pn,qn)
n,n
(
(s− x)4 + (t− y)4);x, y
)
is finite, then we obtain
lim
n→∞
[n]2pn,qnB
(pn,qn)
n,n
(
ε(s, t)
(
(s− x)4 + (t− y)4
)
;x, y
)
= 0.
Hence, one can see that
lim
n→∞
[n]pn,qnB
(pn,qn)
n,n (f ;x, y)− f(x,y)) =
(ax − ax2)f ′′x2(x, y)
2
+
(ay − ay2)f ′′y2(x, y)
2
.
This step completes the proof.

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